We present a novel approach to achieve adaptable band structures and non-reciprocal wave propagation by exploring and exploiting the concept of metastable modular metastructures. Through studying the dynamics of wave propagation in a chain composed of finite metastable modules, we provide experimental and analysis results on non-reciprocal wave propagation and unveil the underlying mechanisms in accomplishing such unidirectional energy transmission. Utilizing the property adaptation feature afforded via transitioning amongst metastable states, we uncovered an unprecedented bandgap reconfiguration characteristic, which enables the adaptivity of wave propagation within the metastructure.
printed enclosure connected in parallel with a stabilizing spring realized via spring steel. Characteristic force-displacement profile of a bistable element is measured with an Instron machine, shown in Figure   1 (a). The bistable element is then connected in series with a linear spring steel to form a metastable module. A characteristic force-displacement profile of the module is depicted in Figure 1 . According to the minimum potential energy principle [25] , metastable states of the chain satisfy 
Governing equations and linear dispersion analysis
In general, for a fixed global displacement z, a chain of N metastable modules can have up to 2 metastable states (internal configurations) [25] [26] . Starting from one of the metastable states, equations of motion for the ℎ module, can be expressed as:
Depending on the excitation scenarios, Figure 1 (c), external excitation will be directly applied to the first or last mass in the chain.
To establish a linear dispersion relation, we first linearize the equations of motion about its metastable state and the band structure is determined by modeling a repeating periodic unit cell of an unforced, infinite chain. For the diatomic chain depicted in Figure 2 , the periodic unit cell is the same as a metastable module, and the linearized equation can be written as: 
The band structure can then be determined by sweeping the wave number from 0/L to / . In general, due to the existence of multiple metastable states for a chain of N metastable modules, depending on the initial configuration, periodic repeating cell should be identified and similar dispersion analysis can be carried out accordingly.
Analysis results of band structures
For exploration purposes and without loss of generality, parameters used in the analysis are chosen to be of arbitrary unit. whereas for configuration II, the first passband lasts up to 18.5Hz, exemplifying the bandgap adaption as the metastructure is reconfigured. Additionally, such adaptation can be exploited in-situ. For instance, as depicted by the displacement time history in Figure 4 (c), with input RMS displacement 0.2mm and input frequency 15Hz (gray). Starting with configuration II, the vibration energy is able to propagate through the chain since the excitation frequency is inside the passband (blue). We then switch to configuration I by sequentially reconfiguring two bistable constituents, depicted by the consecutive spikes in time history (black) in Figure 4 (c). In this case, the band structure shifts from the passband to stopband, and therefore the output displacement is reduced significantly to nearly zero (red).
To illustrate the non-reciprocal wave propagation, the metastructure in configuration I is excited at 15Hz with increasing input amplitude for both forward and backward actuation scenarios. The excitation frequency is chosen such that it is inside the stopband of the linearized structure. In addition to non-reciprocal wave propagation, endowed with metastability, the proposed structure is also capable of exhibiting onset of supratransmission at different excitation level by internal reconfiguration. As illustrated in Figure 4 (e), the metastructure is excited under forward actuation at 20Hz
for both configurations I and II. Since the excitation frequency is within a stopband for both configurations, under small excitation level, energy does not transmit through the chain in both cases. As input amplitude increases to 0.06mm, energy starts to transmit through the chain for configuration II whereas energy transmission is still prohibited for configuration I until excitation level reaches 0.45mm, after which wave propagates through the chain for both configurations. Such adaptivity on the onset of supratransmission for different configurations is crucial to create systems with on-demand tuning of nonreciprocal wave propagation characteristics. 
Analysis results -generation of non-reciprocal wave propagation
To understand the mechanisms of non-reciprocal wave propagation of the proposed system, a detailed numerical analysis is performed using the system parameters in the dispersion studies discussed in Sec.
3.3 with masses 1 = 2 = 1. Wave propagation characteristics are first explored for configuration A, defined in Figure 3 , under both forward and backward actuations. Small damping coefficients ζ=0.001 is applied between lattices and simulations are performed for sufficiently long time (30000s) to reach steady state. Figure 5 depicts the displacement time history and FFT of corresponding velocities for input (magenta), output (cyan) and response of internal mass adjacent to input 1 (gray), Figure 1 In complement to the time domain analysis, the FFT results also reveal that response amplitude of the internal mass for backward actuation is orders of magnitude greater than that for the case of forward actuation, due to the inherent spatial asymmetry. In fact, amplitude of the second harmonic 2 under backward actuation is still two times larger than the amplitude of fundamental harmonics under forward actuation. However, since these dominant frequencies reside within the non-propagating zone of the metastable lattices, majority of wave energy does not propagate through the metastable chain. As 
Analysis results -adaptive wave propagation
Experimental and numerical studies discussed in the previous sections provide convincing evidence on the non-reciprocal wave transmission characteristics as input excitation amplitude varies. Experimental observations also indicate that such anomalous energy flow phenomenon is not only a result of the nonlinearity and spatial asymmetry of metastructure, but also tightly related to the bandgaps of the periodic chain. To further investigate the influence of internal reconfiguration (change of metastable states) on the transmittance ratio (TR) and non-reciprocity of the metastable lattice, numerical analysis is performed on the same metastructure by varying both internal configuration and actuation scenarios. As input amplitude increases to 1.7, input energy is sufficient to trigger large amplitude vibration for forward actuation and is reflected by the large increase in transmission ratio, red solid line. Further increasing input amplitude beyond 1.7, wave energy will transmit in both directions. Hence, for configuration A, non-reciprocal wave transmission occurs for input amplitudes between 0.3 to 1.7. As the metastructure is changed to configuration B (bottom row in Figure 6 Additionally, as shown in Figure 3 , alternating internal configurations can greatly affect the bandgaps of the metastable lattice, which is shown to be pivotal in manipulating frequency spectrum of the output signal, Figure 5 . Hence, the effect of input frequency on the non-reciprocal wave transmission characteristics as switching amongst metastable states is investigated. Figure 6 
Conclusion
In this paper, we present a novel approach to achieve the on-demand adaptation of band structures and non-reciprocal wave propagation. We found that unidirectional energy transmission can be facilitated by triggering the onset of nonlinear supratransmission at different excitation levels for different actuation directions due to spatial asymmetry. Therefore, by intelligently leveraging nonlinearity, symmetry, periodicity, and reconfigurability, one can tune and control wave propagation via a metastable modular metastructure. By exploiting the programmable properties invested in such modules and structures, we have developed unprecedented adaptivity of wave propagation characteristics with internal reconfiguration and metastable state changes, as input amplitude and frequency varies. Results of the present work will pave the way for further analytical, numerical, and experimental studies of adaptive non-reciprocal wave propagation in higher-dimensional systems. Lastly, since the approach depends primarily on scale-independent principles, it could foster a new generation of reconfigurable structural and material systems with unconventional wave characteristics that are applicable to vastly different length scales for a wide spectrum of applications.
